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Abstract 

Interpreting the chiral de Rham complex (CDR) as a formal Hamil- 
tonian quantization of the supersymmetric non-linear sigma model, 
we suggest a setup for the study of CDR on manifolds with special 
holonomy. We discuss classical and partial quantum results. As a 
concrete example, we construct two commuting copies of the Odake 
algebra (an extension of the N = 2 superconformal algebra) on the 
space of global sections of CDR of a Calabi-Yau 3-fold. This is the first 
example of such a vertex subalgebra which is non-linearly generated 
by a finite number of superfields. 



1 Introduction 



The chiral de Rham complex (CDR) was introduced by Malikov, Schechtman 
and Vaintrob in [1]. CDR is a sheaf of super symmetric vertex algebras over 
a smooth manifold Ai. It is defined by gluing free chiral algebras on the 
overlaps of open sets of A4. Since the original work [1], there has been 
considerable progress in understanding the mathematical aspects of CDR (cf. 
[2, 3, 4] among others). In physics literature, CDR appeared in the context 
of half- twisted sigma models [5, 6] and in the context of infinite volume limits 
of sigma models [7, 8, 9]. The present work is the logical continuation of [10] 
where it was suggested to interpret CDR as a formal canonical quantization 
of the non-linear sigma model. 

The question we would like to address is which vertex algebras can be 
attached to a manifold Ai within the CDR framework. It has been estab- 
lished that one can attach different versions of supcr-Virasoro algebras as 
global sections of CDR. The detafis of the construction depend on additional 
geometrical structures on Ai. In this paper, we construct extensions of the 
N — 2 super- Virasoro algebra for Calabi-Yau 3-folds. Moreover, we present 
some partial results on the general possible extensions of the super- Virasoro 
algebra within the CDR framework. 

In looking for possible vertex sub-algebras generated by global sections 
of CDR there are two possible ways to proceed, either trying to guess the 
answer, or trying to find a systematic way to produce it. If we think of CDR 
as a formal quantization of the non-linear sigma model, we can use the insight 
from classical sigma models in order to make an intelligent guess about the 
answer in CDR. Indeed, any possible extension of the super- Virasoro algebra 
will be related to the symmetries of the classical sigma model. Thus, the 
present result is inspired by the nearly 20 year old observation by P. Howe and 
G. Papadopoulos in [11, 12], where the relation between classical symmetries 
of non-linear sigma models and special holonomy manifolds was observed. 
Our intention is to reformulate their result in terms of Poisson vertex algebras 
and then try to quantize it within the framework of CDR. 

In order to do so, we first describe a non-trivial way of associating global 
sections of CDR to differential forms on the target manifold Ai. Locally, 
CDR is simply a system with as many generators as the dimension of 

At. This gives natural embeddings of the differential forms of Ai into CDR. 
In this article, we consider an embedding inspired by the sigma model, that 
is different than the one introduced in [1]. 

In our embedding, one needs the Levi-Civita connection on the Riemannian 
manifold Ai, to write the correct expressions. This is detailed in section 5 
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and Appendix C. 

On a special holonomy manifold there exist non-trivial and well-known 

covariantly constant forms. The algebra generated by the corresponding 
superfields is a natural vertex algebra associated to any special-holonomy 
manifold. We show that this unified construction recovers all the known 
cases of [1] [3] [13]. Moreover, we show that for a Calabi-Yau threefold M., 
the covariantly constant forms on Ai generate non-linearly a super-vertex 
algebra known as the Odake algebra. This is the first example of such a 
sub-supcr-vertex algebra of global sections of CDR which is non-linearly 
generated by a finite number of superfields. 

The paper is organized as follows: In Section 2 we review the Hamiltonian 
formalism for N = (1, 1) supersymmetric non-linear sigma model. We also set 
up the notations for the rest of the paper. Section 3 deals with the classical 
symmetries of sigma models on special holonomy manifolds. This section 
presents the Hamiltonian treatment of the results from [11, 12], we also give 
a list of Poisson vertex algebras associated to the different cases of special 
holonomy. In Section 4 we briefly recall the formalism of SUSY vertex algebras 
and the definition of CDR. We stress the physical interpretation of CDR as a 
formal canonical quantization of the non-linear sigma model. In Section 5 we 
discuss how to promote the classical currents to well-defined sections of CDR. 
Section 6 presents our results at the quantum level. The main result is the 
construction of two commuting copies of the Odake algebra on a Calabi-Yau 
3-fold. We also present some general remarks about other cases. In Section 7 
we present a summary and discuss the main complications in further possible 
calculations. Many technicalities are collected in the appendices. In Appendix 
A we collect some useful formulas on different special holonomy manifolds. 
Appendix B contains a collection of properties of the quantum A-bracket. In 
Appendix C we present some explicit formulas accompanying those of Section 
5. Appendix D presents the details of the calculation of the quantum Odake 
algebra. 

2 Classical sigma model 

In this section we will review some basic facts about the classical sigma model. 
Especially, we will see the connection between covariantly constant forms on 
the target space and symmetries of the sigma model. We will also show how 
to write the model in the Hamiltonian framework. 
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2.1 The sigma model in the Lagrangian formalism 

Consider the N=(l,l) supersymmetric sigma model defined on S = 5*^ x M. 
Its action is given by 

S^l [ dadtd9-de+ gij{^)D+^'D_^. (2.1) 
2 is 

We use N=(l,l) superfields ^\a,t,9~^ ,9~). The circle is parametrized by 
(7, and the "time" , is the coordinate on M. The pair 9^ labels the spinor 
coordinates. The fields are maps from E^'^ into a target manifold M., and 
gij is the metric on A4. The odd derivatives D± and the even derivatives d± 
are defined by 

D^ = -^ + 9^{do±d,) , d^ = Dl = do±d,, (2.2) 

where do = and di = The equation of motion derived from this action 
is 

D^D+¥ + r.^D_<^W+<^'' = , (2.3) 

where F*^ are the components of the Levi-Civita connection. The model has 
N=(l,l) superconformal symmetry, with the corresponding current given by 

r± = ^,,($)D±$%$^ . (2.4) 

The equation of motion gives DzpT± — 0. This imply that T± are conserved, 
and also that T± = T±{a±,9±), i.e. we have left and right moving currents. 
We can multiply T± by any function /±(cr_|_, 6*^) to form T± = f±T±. T± 
still satisfy D^T± = 0, and we therefore have infinitely many conserved 
currents. The components of the superfields T± are the Virasoro field and 
the Neveu-Schwarz supercurrent, respectively. 

These are the only symmetries associated to a general Riemannian metric 
that we can find. However, as noticed in [11, 12], if /A admits covariantly 
constant forms, the sigma model has additional symmetries. The argument 
goes as follows: consider a form u — Ui^,__i^dx^'^ A ... A dx'" satisfying Vu — 0, 
where V is the Levi-Civita connection. Then 

4"^ = ($)L»±$^i . . . L>±$^" (2.5) 

satisfies D^J± = on-shell, i.e. with the use of (2.3). This implies that 
— J^\g±., 9±), and the components of J^^ will be left and right moving 
currents. By the same argument as above, we have infinitely many conserved 
currents. The symmetries corresponding to the currents are 

S±^' = e±/^a;,,.,.,„D±<l>'^ . . . D±$^" , (2.6) 
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where the parameter e± satifies D^e± — 0. The action functional (2.1) is 
invariant under (2.6) if ou is covariantly constant with respect to Levi-Civita 
connection. 



2.2 The sigma model in the Hamiltonian formalism 

The sigma model (2.1) can also be formulated in the Hamiltonian formalism 
[14, 15. 16]. We integrate out one odd 9, and identify the Hamiltonian and the 
phase space structure. In order to do so, we introduce new odd coordinates 
^0 and 9i by 

0o^^{e+ + ie-), 0, ^ ^{9^ - i0-) , (2.7) 

together with odd derivatives 

Do^^{D+-iD_) , D^ = ^{D^ + iD_) , (2.8) 

which satisfy Dq — di, D\ — di and DiDq + DqDi — 2do. We also introduce 
new superfields 

(f)' = ^%=o , Si = gijDo^^0,=o , (2.9) 

and new derivatives 

^i = ^i|eo=o, d = di. (2.10) 

After performing the ^q- integration, the action (2.1) becomes 

J dtdad0i (^Sido(p' - , (2.11) 

where 

H = d(t>'D^(tPgi^ + g'^SiDSj + SkD^(t>' Sig^'v\ . (2.12) 

We see that the sigma model phase space corresponds to a cotangent bundle 
T*CM, where CM = {S^\^ ^ M} is a. superloop space. It is equipped with 
a natural symplectic structure 

dad0i SSiAScI)' . (2.13) 

Thus, the space of functionals on T*CM. is equipped with a (super) Poisson 
bracket { , } generated by the relation: 

{0^(a, ^i), S,{a\ 9[)} = 6}6{a - a')6{9, - 9[) . (2.14) 
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Prom (2.11), the Hamiltonian is: 

H^^J dadOi H. 

This Hamiltonian, together with the Poisson bracket (2.14), generates the 
same dynamics as we get from the action (2.1) and the variational principle. 
It is convenient to introduce new formal coordinates on S^^^: ^ — e*^ and 
— 6*1, which imply 

{iO'/'D = D, , m'^'de = d9, , {iO'^'Siit 9) = Si{a, 9,) . (2.15) 
Thus the Poisson bracket (2.14) becomes 

9), 5,(r, ^0} = S] 5{i - cm - 9) . (2.16) 
Prom now on, we will use the variables (^, 9) on S^^^. 

2.2.1 Poisson vertex algebras and A-brackets 

Local functionals on T*CAi form a Poisson superalgebra. This Poisson super- 
algebra can formally be described as a Poisson (super) vertex algebra. These 
in turn can be understood as semi-classical hmits of vertex algebras. Alterna- 
tively, if we work locally on Al, we can construct a sheaf of Poisson (super) 
vertex algebras and consider its set of global sections. For an introduction 
to Poisson vertex algebras in the context of superficlds and A-brackets we 
refer the reader to [17]. For an extensive study of sheaves of Poisson vertex 
algebras and their relation to CDR see [4] . 

Below, we set the notational conventions used in the rest of the article. 
The Poisson bracket between two local functionals has the following general 
form 

{A{^,9), 3(^:9')}^ Y.{-iyd^^,Di,e>Ki-mO-9'ni\j){C9') , (2.17) 

J =0,1 

where C(j|j) denotes the local functional multiplying the {—iyd^^,D^,Q,6{^ — 
^')S{9 — ^')-term. This bracket can be encoded as 

{A^B}= $]A^Vq,v), (2.18) 

j>0 

J=0,1 

where A^'"^ = X-'x'^ i with formal even A and odd x satisfying = —A. The 
A's encode derivatives of delta functions, and the translation between the two 
is 

A^\'^{-~iyd-^,D-l,,,6{i-aS{9-9') . 
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For example, we write (2.14) as 



2.2.2 Currents in phcise space 

Next, we derive the currents (2.4) and (2.5) in phase space coordinates. From 
(2.8) and (2.9) we note that 

Z^-fU.o= 'fa'^^-°^'' ^.e- . (2.20) 
v2 

The factor of i in the definition of e!_ is introduced for later computational 
convenience. The set of fields {e!j_} is a suitable basis for the symmetry- 
currents. For J^"^ the rewriting is straightforward. Since T± have a term with 
a time derivative, it requires the use of the equations of motion. We get 



■■■ , (2.21) 



J+ — , ... 6 

n\ 

It can be checked explicitly that T± generate the superconformal symmetries 
of the original theory and the currents generate the symmetry (2.6) in 
the Hamiltonian formalism. 



3 Classical algebra extensions 

We now investigate the classical algebra generated by the currents (2.21). A 
natural question to ask is whether the Poisson brackets between these currents 
can be expressed in terms of the same fields. The results in this section were 
obtained in [11, 12], although in a different framework. 

Between the fields (2. 19)- (2.20) we have the following brackets: 

{ ei } = ±xg'= + ^ (/^r^,e™ - /T^^.e^) , (3.1) 
{ < A ^- } - 71 (/'r^^e- - /Ti,e-) , (3.2) 
{eU/(0)}=4^^V,, ' (3.3) 
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where fj — djf. If we only have T±, we get the classical (super) Virasoro 
algebra. In A-bracket notation, the Virasoro algebra is written as 



{ T± A T± } = (29 + + 3A) T± , 

{T^aT±} = 0. ^'^ 

The algebra between the currents corresponding to covariantly constant forms 
is straightforward to compute. Using the above brackets, one can show that 

{T^j,jt^}^i2d + xD + nX)/^\ 
{T^Aji")} = 0, 

which shows that J^^^ have conformal weight | with respect to the left/right 
moving Virasoro field. Let us define 



^+(n) ~ ^ii...j„+ie+ . . . e+ 
-(") ~ '^\^ '^n...i„+i^- ■ ■ ■ ^- 



(3.6) 



We then find the following brackets between J^."'*'^^ and J^^"*"^-* 



{ Jr A Jt^'^ } = (-1)" (x5.i^i(n)i^iM 

+ 5i.-^5i(n)4(„) + 5..r',,i)0^Si(„)Si(^)) , (3.7) 



3.1 Currents from holonomy groups 

To further analyze the algebra (3.7), we need to know more about the 
covariantly constants forms lo and the metric g. The existence of covariantly 
constant forms is ultimately related to the holonomy of the Levi-Civita 
connection. Fortunately, the possible holonomy grovips for the Levi-Civita 
connection have been classified and their relation to covariantly constant forms 
is known (see [18] for a review of the subject). To use this classification, let us 
assume that M. is simply-connected and that the metric g is irreducible (to 
avoid the holonomy group to be a product of two groups of lower dimension). 
Finally, we assume that M. is not locally a Ricmannian symmetric space. 

With these three assumptions, there arc seven different possible cases for 
the Riemannian holonomy group and in each one of them we understand the 
properties of the corresponding covariantly constant forms. Below, we will 
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give the details of the algebra (3.7) in each of these seven cases. The relation 
between holonomy groups and the symmetries of non-linear sigma model has 
been noted in [11, 12]. 

In order to compute the structure of the corresponding algebras, we will 
need some algebraic properties of the invariant tensors on special holonomy 
manifolds. We collect the relevant formulas in Appendix A. In particular, we 
use the formulas derived in [19, 20]. Below, we give explicit definitions for 
these currents and compute their corresponding algebras. 

3.1.1 Orientable Riemannian manifold, SO{n) 

On a general n-dimensional orientable Riemannian manifold the holonomy 
group is SO in), and we have the covariantly constant totally anti-symmetric 
tensor ti^...i^. For n > 2 the Poisson bracket between the corresponding 
currents is zero. For n — 2, since SO{2) — C/(l), and ej^jj can be taken as 
the Kahler form, we get the N — 2 supersymmetry algebra (see the next 
example) . 

3.1.2 Kahler manifold, U{n) 

When the holonomy group is U{n), dim = 2n, the manifold is Kahler and 
we have a covariantly constant 2-form, the Kahler form uj. Using uj = gl, I 
being the complex structure, the current is defined as 

Ji') = ±lu;,je^ei , (3.8) 

and we find that (3.7) reduces to 

{ A } = -Ti . (3.9) 

We therefore get two commuting copies of the N=2 superconformal algebra 
when the target manifold is Kahler. 

3.1.3 Calabi-Yau, SU{n) 

When the holonomy group is SU{n), dimA4 = 2n, we are on a Calabi-Yau 
manifold. We then have, in addition to the Kahler form, a covariantly constant 
holomorphic n-form fi, and its complex conjugate Q at our disposal. Let us 
denote the corresponding currents X^'^ and X^'': 

= ^l^.,...«„e- ...el" , # = ^l^.,....„e^^ . . . , (3.10) 
n! n! 

( ) ( ) 
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which are defined in addition to j]f^ and T± on the Calabi-Yau manifold. We 
here introduced complex coordinates, with indices i = (a, a). Choosing an 
hermitian metric, we find, using the formulas in Appendix A. 2, that (3.7) 
reduces to 

{ Ji^) A Xi") } = -i (nx^i") + DXt^) , 

{J^2\xt''} = +i(nxXi^ + DXt^ , 

{x^^\xt^)^Q, 

{X?)AXi")} = 0, (3.12) 
{4'^^^xi")}^^(l(n-l)T(Jf)"-^ 

where J^^ is defined in (3.8). Note that (3.5) now reads 

{T^^xt^} = {2d + xD + n\)x'^^\ 

{Ti^xf = {2d + xD + nX)X^^\ (3.13) 

{T^^xt^} = {T^^Xt^} = 0. 

(2) 

These relations, together with the remaining relations for and T±, give 
rise to the classical Odake algebra, a Poisson vertex algebra that one can 
attach to any Calabi-Yau manifold. Indeed, we have two commuting copies 
of this algebra, i.e. the plus-currents commute with the minus-currents. 

Notice that the currents { J^\t±, x'^\ x'^^) satisfy extra constraints. 
For example, from oj /\VL = oj f\Vt = Q would obtain the identities 

Ji'^xi") = , Jf Xi") = , (3.14) 

which in turn are needed to check the Jacobi identity for (3.12). 



3.1.4 Hyperkahler manifold, Sp{n) 

When the holonomy group is Sp{n), dimA^ = 4n, the manifold Ai is hy- 
perkahler. We have three complex structures 7^, A — 1,2,3, such that 
IaIb = —^AB + ^ABcIc- The metric g is Hermitian with respect to all Ia 
and the forms uja — qIa are covariantly constant. For uja we denote the 
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corresponding currents J^.^, A — 1,2,3, where we use (3.8). The algebra 
(3.7) reduces to 

{ jS a jS } = eABC {D + 2x) 4c - ^abT^ , (3.15) 
which, together with (3.4), generates the N=4 superconformal algebra. 

3.1.5 Quaternionic Kahler manifold, Sp{n) ■ Sp{l) 

On a quaternionic Kahler manifold the holonomy group is Sp{n) ■ Sp{l). 
Locally, we have three almost complex structures J a and three locally defined 
two-forms uia — 9 J a- Defining the covariantly constant form: 

3 

E = ^o-A Ao-A , (3.16) 

i=A 

and denoting the corresponding currents by E±: 

S± = ^ eieieiei, (3.17) 

we obtain 

{E±aE±} = -4E±T± . (3.18) 

3.1.6 G2-manifold 

G2 is an example of an exceptional holonomy group. A G2-nianifold M. is 
seven dimensional. On such a manifold there are two covariantly constant 
forms, a 3- form 11 and its Hodge dual ^. We denote the respective currents 
by the same letters n± and 

1 • r' ■ 1 

n+ = -Iiijke\e^^eX , n_ = -U^jkelele'l , = -"^ijkie'^eiele^^ . 

(3.19) 

Using extensively the formulas presented in Appendix A, we find that (3.7) 
reduces to 

{n±An±} = -3L'*±-6x^± , 

{n±A*±} = 3r±n± , (3.20) 

{ *± A *± } = 10T±*± + 3U±DU± . 

The right hand side in the last bracket can be written in many equivalent 
ways. The 4-form W is the Hodge dual of H and thus it is not independent 
data. At the level of currents we can derive the relation 

2r±*± + n±L)n± = , (3.21) 
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which follows from (A. 14) and (3.19). Indeed, this relation would be needed 
if we study the Jacobi identity for the above algebra without any reference to 
the definition of the corresponding currents. 

3.1.7 S'pm(7)-manifold 

Spin{7) is another example of an exceptional holonomy group. Spin{7)- 
manifolds are eight dimensional and they admit a covariantly constant 4-form 
G which is self-dual with respect to the Hodge involution. The corresponding 
currents ©± are defined as 

e± = ^Qijkieieieiei . (3.22) 
We find that (3.7) reduces to 

{e±Ae±} = 6r±e± . (3.23) 

4 The Chiral de Rham complex as a formal 
canonical quantization of the sigma model 

Above, we have considered classical algebra extensions. We now want to 
investigate the quantum counterpart of these algebras, in the CDR framework. 
Before doing so, in this section we give a short introduction to basic notions, 
such as vertex algebras, SUSY vertex algebras and CDR. 

The latter is a sheaf of SUSY vertex algebras and it was introduced 
originally in [1], here we follow the treatment presented in [3]. Also, we review 
the interpretation of CDR as a formal canonical quantization of the sigma 
model. For further details the reader may consult [10]. 

4.1 SUSY vertex algebras 

First, we introduce two formal variables {^,0), where ^ is even and 6 is odd. 
Given a vector space V, we define an End(V)-valued superfield as 

MC, ^) = E r^^'-'^d'-'A^.^j), e EndiV) (4.1) 

J=0,1 

where for all v G V, A(^j\j^v = for large enough j. 

A SUSY vertex algebra [17] consists of the data of a super vector space 
V, an even vector \0) E V (the vacuum vector), an odd endomorphism D 
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(whose square is an even endomorphism which we denote d), and a parity 
preserving hnear map A i->- Y{A,^, 9) from V to End(V)-valued superfields 
(the state-superfield correspondence). This data should satisfy the following 
set of axioms: 

• Vacuum axioms: 

y(|o),e,^) = id, 
YiA,c,e)\o)^A + oic,e) , 

D\0) = . 

• Translation invariance: 

[D,Y(A,^,e)]^(do-ed^)Y(A,^,e) , 

[d,Y{A,C,0)]^d^Y{A,C,0) . 

• Locality: 

{^-er[Y{A,^,e),Y{B,e,e')]=0, n»0 . 

(The notation 0(^, 9) denotes a power series in ^ and 9 without a constant 
term in ^.) 

Given the vacuum axioms for a SUSY vertex algebra, we will use the 
state-field correspondence to identify a vector A E V with its corresponding 
field Y{A,^,9). Given a SUSY vertex algebra V and a vector A e V, we 
expand the fields 

Y{A,^,9)=A{^,9) = ^ r'-'0'-'A^,\j) , 

J=0,1 

and we call the endomorphisms Aq\j) the Fourier modes of Y{A, ^, 9). Now, 
define the operations 

j>0 ' 
J=0,1 

AB = , 

where A-' I"' = A-^x'^, with A and x being formal even and odd parameters, 
satisfying — The first operation is called the A-bracket and the 

second is called the normal ordered product. The A-bracket is a practical way 
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(4.2) 



of writing an operator product expansion (OPE). (4.2) corresponds to the 
commutator of superfields, 

m, e), B{e, e')] = J2 ^-^X^i'DU^ii - mo - 0')) (^ov)i^)(e', ^0 , 

j>0 •'' 
J=0,1 

we can therefore read the OPE from (4.2). The A's encode derivatives of 
delta functions, and the translation between the two formalisms are given by 

Aii^ o {-iyd^^,Di,,,5{i - i')5{e - e') . 

In particular, the A-bracket contains the information of all the commutators 
of the Fourier modes of the respective fields. 

The A-bracket comes with a very efficient calculus, which allows us to 
compute the bracket between composite fields, once the bracket between the 
constituent fields are known. The rules of this calculus are fisted in Appendix 
B. For further details of the formalism the reader may consult [17]. 

It is worth emphasizing that the normal ordered product is not commu- 
tative nor associative. Neither docs the A-brackct fulfill the Leibniz rule. 
The deviation from these properties of the different operations can be seen 
from the rules in the appendix. These deviations have natural interpretations 
as "quantum effects" , and the semiclassical limit of a SUSY vertex algebra 
leads to a SUSY Poisson vertex algebra (which is the same as a Poisson 
superalgebra of local functionals) . 



4.2 The Chiral de Rham complex (CDR) 

As an example of a SUSY vertex algebra, consider the so called P'-y-hc system. 
It consists of 2n superfields (0*, Sj),i,j = 1, 2 . . . n. 0* is an even field and Si 
is an odd field. The defining A-brackets are given by 

[0^0^] = 0, (4.3) 
[Sij,Sj]^0. 

If we expand these superfields 

0^ = y + ^c\ Si^k + ePi, (4.4) 

then we recover the standard ^7 and be systems. Let g^{(f)) be an invertable 
function of 0. The following is an automorphism of (4.3): 

r = 9''{<l>), S,^^{g{<t^))Si, (4.5) 
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where / is the inverse of g. The normal ordered product is used when defining 
the new fields. Recall that it is not associative. The statement [ a ] =0 
is therefore non-trivial. 

Using this fact wc can make the following geometrical construction. Con- 
sider a smooth manifold A^, and attach to each coordinate patch {a;*}"^j^ 
the ^7-6c system We glue these systems on the intersections 

using (4.5). We thus construct a sheaf Vt'^^{M.) of P'-f-bc systems. This sheaf 
was first introduced in [1], and named the Chiral de Rham complex, which 
we abbreviate CDR. Although the formalism developed in [1] works in the 
analytic, algebraic and smooth settings, most of the mathematical literature 
on CDR is dedicated to the algebraic setting. The setup relevant to us was 
considered in [21] and in superfield formalism in [3]. In the present work, our 
treatment of CDR closely follow [3]. 

4.3 Physical interpretation of CDR 

In the above construction of CDR, we can introduce a parameter H in the 
defining brackets (4.3) of the f3j-bc system: 

[0^0^] = 0, (4.6) 

Let us consider the bracket |[aA&]. From the rules of appendix B, we see 
that in the limit h ^ 0, the resulting bracket will fulfill the Leibniz rule, and 
the normal ordered product is both commutative and associative, since the 
deviations from these properties will be higher order in h. The "quasi-classical" 
limit ^ — )■ is a well-defined operation on Vertex Algebras, and in this limit 
we get a Poisson Vertex Algebra, described in 2.2.1 (see [10] and references 
therein) . 

In section 2.2 we showed that the phase space of the classical sigma model 
is the superloop space T*CM., equipped with the Poisson bracket (2.14), 
which in A-bracket notation can be written as 

{<P'aS,] = 5]. (4.7) 

This relation is invariant under changes of coordinates, when 0' transforms 
as a coordinate and Si as a one- form. Wc can therefore construct a global 
object, which can formally be regarded as a sheaf of Poisson Vertex Algebras. 

We can interpret the structure (4.6) as a formal canonical quantization 
of the structure (4.7), and CDR as the formal canonical quantization of the 



14 



sigma model. We interpret the A-brackets for the ^7-60 system as equal-time 
commutators, and the definition of normal ordering of composite fields is the 
standard one. 

For a further explanation of the above interpretation, and more precise 
statements, we refer to [10]. 

5 Constructing well-defined currents on CDR 

Our goal is to extend the results of Section 3 from the classical setting to 
the quantum setting of CDR. Before calculating any brackets, we have to 
understand how to define the appropriate global sections of CDR from the 
classical expressions for T± and The main requirement is that these 

quantum fields coincide with their classical expressions when taking the limit 

We have seen above that we can glue the superfields (ff and Si between 
patches using the normal ordered transformation rules (4.5). In this section, 
we will discuss whether composite operators, which are defined as normal 
ordered products of 0*, Sj and functions thereof, can be glued together to give 
rise to globally defined sections of CDR. Especially, we will investigate whether 
the symmetry currents of the classical sigma model can be "quantized" . There 
are potential problems, since in the quantum setting the expressions are not 
associative nor commutative anymore. Indeed, we will see that in general 
the classical currents are not invariant under a change of coordinates in the 
quantum setup. However, we can by hand add terms to the currents which will 
be of higher order in h. These extra terms will by themselves not be invariant 
under a change of coordinates, but their anomalous parts will precisely cancel 
with the anomalous parts coming from the classical part. This resembles of 
the introduction of a connection when constructing a covariant derivative 
in geometry. Amusingly, we will see below that the structure we need in 
order to "quantum covariantize" the set of currents is the Levi-Civita 
connection. Below, we will give a general prescription on which terms one 
must add to a current constructed from an n-form, for any n, in order for 
it to be a well-defined section of the CDR. This construction is limited to 
currents constructed from forms on M., the anti-symmetry of the indices is 
used extensively. Currents formed from other structures, for example the 
stress energy tensor formed from the metric, turns out to be much harder to 
handle, and in fact we can only give indirect proofs in special cases that the 
stress energy tensor is a well-defined section of CDR. 

The inhomogeneous transformation properties of the Levi-Civita connec- 
tion was used in [3] to construct global sections of CDR associated to Kahler 
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forms. Our construction below generalizes their result to forms of arbitrary 
degree. 



5.1 Constructing well-defined sections from forms 

In this section, we will show how to modify the currents constructed from 
n- forms, which classically are of the form 



Tin) 1 



•J+c — ,^ti...i„^+ • • • , 

ft' 

n! 



(5.1) 



We here have introduced a subscript "c" , for "classical" . 

The statements in the rest of this subsection applies equally well to both 
the plus-sector and the minus-sector, and we skip the ±-signs and factors of %. 

In CDR, we in general have to choose in which order we multiply operators. 
For definiteness we choose the order of multiplication to be 

■■■)), (5-2) 

although it can be shown that for this operator the order of multiplication 
does not matter. 

Let us define new coordinates 0(0)", and denote 

~a — i — "^^^ 

The operator transforms as a vector, and we have e* = /*e". The n-form a; 
transforms as — /^"^ . . . fiJ^C0ai...an- Because of the non-associativity of 

the normal order product, one can in general not simply pull out the factors 
of /, and for n > 1, the operator (wj^ ,,-^ (</>)) {e^^{. . . [e^"-'^e^") . . .)) does not 
transform as a tensor. One has to add a non-tensorial object in order to get 
the right transformation properties. What we will do below is to introduce 
a new operator -E'(^) '" such that a;j^...j^(0)£'^^'^' *" does transform as a tensor, 
and reduces to {ojj^_j^{(f))) {e^^{. ■ ■ (e-'"-ie-'") . . .)) in the limit 0. 



5.1.1 The construction, plus-sector 

Let us first define 

-^±(0) = 1 , 
Fly^f = ieii(iei^(. . . (iei'-^iei^) ...)). 
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Prom now on, we only work in the plus sector, and we suppress the 
+ subscript. Comments about the minus sector can be found in the next 
subsection. We want to construct operators that can be used as a base 

for forms, i.e. an object that transforms as a {p, 0)-tensor. We are going to 
assume that E'^^ is anti-symmetrized in its indices. 

Our construction is recursive. Given E(^k-i), we want to construct E(^k)- 
First, we investigate how e^^E'^^^^Zi) transforms under the assumption that 
e^^l^^£'(fe_i) = Vn > 0, i.e. that the x-terms in the A-bracket between 
and -^(fe-i) only have a A°-part. We then have: 

= {f:\ ■ ■ ■ fZ) (e"^a-iT - dft'fliimElk-^))) ' (5-5) 

where ( ) is the A^x-'-part of the A-bracket. The above assumption is 
satisfied if is of the form = Xli=o where are 

arbitrary functions of and (90. This claim will be justified below. Because 
of the in-homogenous transformation of the connection, we can cancel the 
in-homogeneous part of (5.5) by adding a term proportional to Tdcf). The 
sought (p, 0)-tensorial object is then 

E(o) = 1 , (5.6) 

E}}^-'' ^ + n^/5</''(4oii)^5-i)) ■ (5-7) 

We now show that the form = ^*Lq h(^i){(j), c?0)F(j) implies that there arc 
no higher powers of A in the x-terms of the A-bracket between and E(^k_iy 
We have 

[e'^e^] = hx9'' + 0{x') , (5.8) 
where we only keep the term proportional to x- Prom this it follows that 

k 

[ e' A ] = % J](-l)^+^5^^« (e^-^ . . . (e^n . . . e^'=) . . .) + 0(x°) , (5.9) 

n=l 

where the term e^?" is omitted. When the indices are anti-symmetrized, this is 

[ A ] = hxkg'^'Fll-i^ + 0(x°) . (5.10) 

We also have 

[M0,90)eVFj-^''=] = M0,90)[e^AFS"''] ' (5 
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where h is an arbitrary function of (p and 90. Here we used the fact that 
the integral term docs not have any x-factor. From our formula (5.7), we 
see by induction that E(^k-j is of the form E(^k) = Yli=o h{i){4>-, d(j))F{.i)^ and due 
to (5.11), there are no higher powers of A in the x-terms of the A-bracket 
between and E(^k-i)- 

We now exemphfy (5.7). For p — 1, -B^^) is just e\ For p — 2 (5.7) yields 

^(1) = + ^ni9''d<l>^ ■ (5.12) 

-E^*2) is antisymmetric on its own, and no anti-symmetrization is needed, since 
the symmetric part of F^2) and Tgdcj) cancel: 

e(^e^) = -hT%g^'^^d(i)^ = hdg'^ . (5.13) 
For p = 3 and p = 4 we get 

Ei^f^ = e^i£;gf + 2hV%g^'^d(tle'' = F/gf + ?,hV%g^'^d(t)^e'^ , (5.14) 



and 



(5.15) 



respectively. 

Let us reintroduce the ± subscripts. The explicit expression for general n 
is the following. Define the nested sum 

r ka+l fcs+l 
Sr,s — ^ ] ^ ^ • • • ^ ] ki . . . ks-2ks 
ks=0ks-2=0 fci=0 

and 

'^±(n-q-l) - ^ kih9 ■■■^kqlq9 <J(P ^±{n-q-l)- 

The subscript denotes how many e's are present in the operator. Then the 
following transforms as a tensor 

n— 1 — (n mod 2) 

En^^pn^.^ E ^^^^-...G^Cn^-i) ■ (5-16) 

<7=l,<ir odd 

This can be proved by induction, see Appendix C. 
Using these operators, we can construct 

^ = ^^^--^"(nr- (5.17) 

which is a well-defined section of CDR, and satisfies J^g — >■ J+"^ when H ^ 0. 
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5.1.2 Comments about the minus-sector 

Since the construction of well-defined tensors only uses the x-part of the A- 
bracket between the e*'s, the construction in the minus-sector can be mapped 
to the construction in the plus-sector. Since we have 



(5.18) 



(5.19) 



>VAe^+] = /iX^?^^ + 0(x°) 

and 

[telAtel] = hx9'' + Oix') 

Fi'^^^'" = ie'l{ie% . . {ie'^-He'^) . . .)) 

we can immediately draw the conclusion that 

E_(o) = 1 , (5.20) 
I^^^ ^ ^e-^!?(,^!,) + r-a0'=(zeL(o|i)^!?(,^!i)) • (5.21) 

or, explicitly, 

n— 1 — (n mod 2) 
g=l,g odd 

transform as tensors. Using these operators, we can construct 

which is a well-defined section of CDR, and satisfies ji*^^ ji"^ when — > 0. 



5.2 Well-defined sections constructed from other ten- 
sors 

Above, wc have constructed well-defined sections from given forms. We now 
investigate whether we can construct well-defined sections from other tensorial 
objects, in particular from the metric. 

From equation (2.21), we see that classically, the energy momentum tensor 
for the sigma model is constructed using the metric. Also, we will later see 
that when the target space is a 6*2 or a Spin{7) manifold, in the quantum 
case but in the flat space limit, the operator g^jde^e^ must be considered. It is 
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therefore an interesting question whether these operators, constructed using 
the metric, can be modified into well-defined sections of CDR. 
After covariantizing the derivative, we are asking whether 

are well-defined sections of CDR. In the above expressions we must also 
choose an order of multiplication. 

It turns out that this question is very hard to answer. We cannot use 
the same construction as in section 5.1. That construction relied heavily 
on the anti-symmetry of the tensors we contract with, allowing us to move 
around the e*'s to a certain extent. Since [ e* a e-' ] = hxg^^ + 0{x^), the x-part 
vanishes when the indices are anti-symmetrized. This luxury we do not have 
when we contract with symmetric tensors. 

A further complication occurs in the construction of the energy momentum 
tensor since the derivative D is involved. The presence of D adds x-terms in 
the relevant brackets, thus increasing the difficulties in the calculations. 

Due to the above reasons we cannot say whether (5.24) are well-defined 
sections of CDR on a general Riemannian manifold. At present, we do 
not know in general how to extend them to well-defined sections of CDR. 
However, for Calabi-Yau and hyperkahler manifolds we know that the energy 
momentum tensor is well-defined, since we can generate it from well-defined 
sections due to supersymmetry, see the discussion in section 6.2. 



6 Algebra extensions on CDR 
6.1 General setup 

We now would like to address the question to which extent the classical 
discussion about symmetry algebra extensions in section 3 can be taken 
over to the framework of CDR. In the last section, we found how to modify 
the classical currents into well-defined sections of CDR. We would now like 
to know whether these currents close under the A-brackct in the quantum 
setup. As a starting remark, let us mention that, although we can write 
down an explicit expression for Jq"'\ i.e. the quantum counterpart of the 
classical current formed from an n-form, it is quite complicated to do a general 
computation as in (3.7) in the quantum case. Prom now on, we drop the 
superscript (n) and the g-subscript from the currents Jq"'\ 

Two cases have already been worked out. In [3, 13], the authors considered 
Kahler and hyperkahler manifolds. Interestingly, it was found that the N — 2 
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algebra is anomalous unless we choose the metric to be Ricci-flat, hence CDR 
requires to be a Calabi-Yau manifold. A nice feature of these two cases is 
that the issue of constructing a well-defined stress energy tensor by hand is 
circumvented, since it can be generated from the supersymmetry currents, 
which we know are well-defined sections. In summary: on a Calabi-Yau 
manifold (T±, J±) are well-defined sections of CDR, and they generate two 
commuting copies of the superconformal N=(2,2) algebra, with central charge 
I dim A^. 

In this article, we will add the four currents constructed from the two 
additional covariantly constant forms present on a Calabi-Yau 3- fold, namely 
the holomorphic volume form and its complex conjugate. We will show 
below that, together {T±, J±,X±,X±) generate two commuting copies of the 
extension of the N=(2,2) algebra first investigated in [22], henceforth called 
the Odake algebra. 

The obvious next step is of course to treat the two exceptional cases, G2 
and Spin{7). Here we are in much worse shape, for two reasons. Firstly, we do 
not know if the stress energy tensor is a well-defined section on these manifolds. 
Secondly, the "quantum covariant" form of the currents constructed on these 
two manifolds arc more complicated than in the Calabi-Yau case. This, 
together with the lack of nice choices of coordinates (a feature used extensively 
in the Calabi-Yau calculation), makes this calculation very complicated. If we 
were able to solve the second problem, the first problem would be solved in the 
same way as for the Calabi-Yau case, since we again in principle can generate 
the stress energy tensor from well-defined currents. Below we compute these 
algebras with the assumption of a fiat metric, and observe that it matches 
with the algebras calculated in the original work [23] . 

In the case when the G'2-manifold M. is the product of a Calabi-Yau 3-fold 
and S^, we can attach CDR to each component in the product, and construct 
the G2 currents from geometrical identities. This is much along the lines of 
[24]. Since we have reliably calculated the algebra on the Calabi-Yau factor, 
and the circle is a fiat manifold, in this special case we are able to calculate 
the G2 algebra within the CDR framework. 

We have benefited from the Mathematica package Lambda [25], when 
performing many of these calculations. 

6.2 N=2 algebra 

When is a Kahler manifold, we can use the Kahler form u to construct 
two currents, which, according to section 5.1, need to be modified with one 
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extra term: 

J± = ±lujijeiei + V%gi'ujad(t>^ . (6.1) 
Using (2.19)-(2.20), consider the following linear combinations of J±: 

1 (6.2) 

J2 = _ + j_ = {co'^SiSj - uJijD<j)'D(jy>) , 

where is the complex structure, and u^^Ujk — Si- These global sections of 

CDR were studied in detail in [3, 13] and they both generate the N = 2 algebra. 
In particular, in [13] it has been shown that J± generate two commuting 
copies of = 2 algebra if the Kahler manifold is equipped with a Ricci-fiat 
metric g, 

[T^^T^]^h{2d + xD + 3A) r± + h'^^^X'x , 

[T±AJ±] = hi2d + xD + 2A) J± , (6.3) 

[ ^± A ^± ] = -fiT± - h — - — A X , 
where T± are defined by the following expressions 

T+ + T_ = D(f)'DSi + d(j)'Si - hdD log y^detgij , 
T+-T_^ g,jD(t>^d(tP + g'^SiDS^ + vyD(t>\S^S,) . 



(6.4) 



This calculations were performed in complex coordinates. It can be shown 
that T+ + T_ is well-defined, and moreover r+ — T_ arises as the brackets of 
well-defined sections of CDR. Therefore, we know that T± are well-defined 
sections. We could rewrite T± in terms of e±, however the expressions are 
messy and depend on the particular choice of ordering. The crucial fact is 
that in the semi-classical limit — > the above quantum T± will collapse to 
the classical expressions (2.21) for the super- Virasoro. 

It is important to stress that, using the Jacobi identity for the A-bracket, 
we can avoid T+ — T_ in explicit calculations, and it is possible to prove that 
the "quantum" modified generators (T±, J±) generate two commuting copies 
of the N — 2 superconformal algebra with central charge | dim M. ii M. is 
Calabi-Yau. We will use similar tricks in the calculation of the extensions of 
this algebra on a Calabi-Yau 3-fold. 
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6.3 The Odake algebra 



When is a Calabi-Yau 3-fold, we can construct four additional symmetry 
currents from the holomorphic volume form and its complex conjugate: 

X+ = ^l^a^-ye+eJeX , X_ = ^(^^^^e^e^el , (6.5) 

X+ = ^n^0,eleiel , X_ = ||o^^,e^e^el . (6.6) 

Here we have introduced complex coordinates (a, a). Since we have a Kahler 
metric the "quantum" corrections introduced in section 5.1 vanish, see 
(5.14). On a Calabi-Yau, we can choose coordinates in which the holomorphic 
volume forms are constant. This simplifies calculations considerably, although 
they are still quite lengthy. Below we state the main result of the present 
paper: 

Theorem. On a Calabi-Yau 3-fold, we can construct well-defined sections of 
CDR {T±, J±, X±, X±), which generates two commuting copies of the Odake 
algebra, given by (6.3) together with the following brackets: 

[X±aX±] = -^-h{tT±J± - DJ±J±-xJ±J±) 

+ h^{ixdJ± + Ar± + i\DJ± + 2ixXJ±) + h^x><^ , 
[J±AXi] = -th{3x + D)Xi , 

[J±AX^] = +th{3x + D)X^ , (6_7) 
[X±aT±] = h{3X + xD + 2d)X± . 
[X±,^Ti] = h{3X + xD + 2d)X^ , 
[X±aX±] = 0, 
[X±aX±] = 0, 

where the plus- and minus-sectors commute. The semi- classical limit h ^ 
of this vertex algebra is the Poisson vertex algebra given by (3.9) and (3.12) 
and discussed in section 3. 

Proof. The calculation is done in Appendix D. In this calculation, no further 
geometrical constraints are found in order for the algebra to close. □ 

As in the classical case, there are non-trivial constraints these currents 
satisfy. The quantum analog of (3.14) is given by 

J±X± = -ihdX± , J±X± = ihdX± . (6.8) 

These identities are needed to check the Jacobi conditions for (6.7). 
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6.4 G2 and Spin{l) 



As mentioned in the general discussion, we cannot choose coordinates in 
which the components of the covariantly constant forms, existing on G2 and 
5'pm( 7) -manifolds, are constant. Moreover, we are not aware of a choice of 
coordinates in which the "quantum corrections" to the currents (see section 
5) vanishes. This makes the computations of the symmetry algebras quite 
challenging. Taking the "flat space limit", that is in practice choosing a 
constant metric and constant forms, we can compute a closed algebra, which 
will have several quantum terms compared to the ones computed in the 
classical setup. It is an open question if the algebras still hold in the general 
curved case, with the modifications of the currents in order to make them 
well-defined, since we are presently not able to do the calculations. 

This subsection contains the j3^-hc system realization of two commuting 
copies of the algebras found in [23, 24]. Moreover, we show that these algebras 
are quantizations of the classical algebras from section 3, thus showing that 
the Howe-Papadopoulos Poisson algebras [11, 12] for G2 and Spin{7) are the 
classical versions of the Shatashvili- Vafa vertex algebras [23] . 



6.4.1 G2 

Let us choose a flat metric gij and constant Uijk, with = "ilijki- Let us 

define the currents 

n+ = —Uijk e I e^e , , n_ = —Uijk e_e_e_ , 

3!^ 1 (6-9) 

Then n± are the primary fields with conformal weight | with respect to the 
Virasoro fields T± — ■^gijDe^.e'^ respectively. have conformal weight 2 
but are not primary: 

[r± A *± ] = ^ (2a + 4A + xD) *± + ^'^xATi + ^^Ia^ . (6.10) 
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We compute the following brackets between the currents: 



[n± An±] = - 3hD^± - n^\dT± - 6nx*± - h^?>\T± - h'h\ , 
[n± A ^± ] = + 3hT±u± + ff^xdn^ + h^3XDU± + /i'^xAn± , 

^h^h {xd + XD + 2Xx) *± 

We see that taking the limit h ^ we get back the algebra computed with 
Poisson brackets in (3.20). Using the flat reahzation of the tensors ^ and 11 
given in A. 3.4, we find the following relation between currents 

fi^^d^T^ - n2Dd'^± + 2T±^± + U±DU± = , (6.12) 

which is the quantum version of the classical relation (3.21). With the formula 
(6.12), the constant part of [^^ a can be written 

[^±A^±]i^h^^d'^T± + n'^'^Dd^± + 4hT±^± . (6.13) 
Decomposing the currents as 



T± = Gi + 29L± , 



(6.14) 



we find two copies of the same algebra as in 

We notice from the structure of the algebra (6.11) that both the Virasoro 
field T and the field ^ is generated from the field 11. Since we know from 
section 5.1 how to make 11 well defined on a curved target manifold, in 
principle we can derive candidates for the Virasoro field T and the field \1/ on 
a general G2 manifold. As mentioned above, these calculations are technically 
complicated, and we are not able to perform them at the present stage. 

6.4.2 Spin{7) 

Let us again choose a flat metric gij and a constant Qijki- Deflne 

©± = ^©yfe/ eie±eie|t ± h^^^Qijde^^e'^ . (6.15) 
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We compute the following brackets: 



[7± A e± ] =n (2d + 4A + xD) e± + H'^x^T^ + ^'^A^ 
+ 8;i2(xa + AL' + 2Ax) e± 

Taking the limit h ^ 0, we get back the classical result (3.23). Decomposing 
the superfields as: 

T±^G± + 2eL± , e± = x± + eM± , (e.i?) 

we find two copies of the same algebra as in [23] (see also [17]). 
6.4.3 G2 = CY3 X 

There is a special case of a G'2-manifold which we can address without taking 
the fiat space limit. Consider a G2-nianifold M. of the type M. — CY^ x 5"^, 
where CY3 is a Calabi-Yau threefold and is a circle. This is an example of 
a compact G'2-manifold. 

We can attach to the Calabi-Yau factor the sheaf of Vertex algebras 
considered in 6.3. We can add to these generators a free (3'j-bc system, 
generated by e± = (5* ± Dcf)), where is identified with the coordinate on 

the circle. The super- Virasoro field is given by r| = ±e±De±. On M the 
corresponding 3-form 11 and its Hodge dual ^ are defined by the following 
expressions 

n = Re(n) + JAdX\ 

. 1 (6.18) 

"if = Im{n) AdX^ + - J AJ , 

where J is the Kahler form, f2 is the holomorphic volume form and X"^ is the 
coordinate along the circle. It is therefore natural to construct new operators 
from the operators in the Odake algebra by 

n+ = + X+ + J+e+ , (6.19) 

where we temporarily only consider the plus-sector. Let us denote 

= + 7+ = -i(X+-X+) , (6.20) 
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(where R is for real and I for imaginary) . We then have the following bracket 
between 11+ and 11+ : 



[ n+ A n+ ] = 3hD (^-^ - 7+e+ + \he^de^ 



- h^^d (T+ + e+De+) - h^3X (T+ + e+De+) - h^lx>^'^ ■ (6.21) 
We see that we reproduce the first part of the G'2-algebra, with ^ given by 

= ^ - 7+e+ + ^ne+9e+ . (6.22) 

This is what we expected from (6.18). When computing the rest of the 
algebra, we have to use the identities 

J+I+ = -hdR+ , J+R+ = hdl+ . (6.23) 

which hold on any Calabi-Yau manifold and are just a rewritten form of (6.8). 
A similar analysis can be performed for the minus-sector. Computing the rest 
of the brackets, using the above identities, we generate the full G2 algebra 
(6.11). Notice that we have proved the following proposition: 

Proposition. There exists an embedding of the vertex algebra [23] (see (6.11) ) 
associated to a manifold of special holonomy G2 into the tensor product of the 
Odake vertex algebra [22] (see Section 6.3) associated to a Calabi-Yau 3-fold 
and a free boson-fermion system generated by one odd superfield e, such that 
[eAc] = X- 



7 Discussion 



In this article we studied extensions of the super- Virasoro algebra within the 
framework of the chiral de Rham complex. The main result of this work is 
the construction of two commuting copies of the Odake algebra associated to 
any Calabi-Yau 3-fold. This is the first example of a non-linearly generated 
algebra arising in this manner. Another result of this article is the systematic 
construction of global sections of CDR from antisymmetric tensors on M.. 
Moreover, we presented the full classical and partial quantum results for 
general extensions of the super- Virasoro algebra. The central idea behind our 
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consideration is the interpretation of CDR as a formal canonical quantization 
of the non-hnear sigma model. 

The main unresolved questions are the full calculations of the algebras 
for G2 and Spin{7) manifolds. For G2, we have a well defined generator 
in the curved case and in principle we can generate the other relevant op- 
erators through the brackets. By construction, these will be well-defined. 
Unfortunately, at the present moment, these calculations appear to be too 
complicated to carry out. 

One motivation for studying manifolds with special holonomies comes 
from string theory. After compactification, let Ai be the internal manifold. 
In order to have space-time supersymmetry, A4 must admit a covariantly 
constant spinor. For different dimensions of M., the constraint of minimal 
space-time supersymmetry leads to different choices of holonomy groups. For 
dimensions 6,7 and 8 the holonomy groups arc SU (3), G2 and Spin{7). In the 
quantum setup, the extensions of N=(2,2) symmetry algebra for 0? = 6 were 
studied for the first time in [22] , whereas the cases d — 7 and d — 8 were first 
investigated in [23] . A common feature for the calculations of these algebra 
extensions performed in the mentioned papers, is that they are performed 
in the large volume limit, which means that the metric is treated like a flat 
metric. With the construction of the CDR, and its interpretation as the 
canonical quantization of the sigma model, we can begin to compute the 
symmetry algebras in a reliable way without taking the large volume limit. 

Finally, let us point out that our considerations give an embedding of the 
differential forms of Ai into CDR which is different from the original work [1]. 
Our embedding is motivated by sigma model considerations, and it would 
be very interesting to further study the properties of this map. We hope to 
come back to this issue elsewhere. 

Acknowledgement 

The research of R.H. was supported by NSF grant DMS-0635607002. The 
research of M.Z. was supported by VR-grant 621-2008-4273. 



28 



Appendices 



A Special holonomy manifolds 

In this appendix, we collect the relevant relations of the invariant tensors on 
special holonomy manifolds. 



A.l Kahler manifolds 

On a Kahler manifold we have the Kahler form uj — gl, where g is a, metric 
and / is a complex structure. We then have ujg~^u! — —g. In components 

i^nQ^^'^ki = -9ii ■ (A.l) 



A. 2 Calabi-Yau manifolds 

On a Calabi-Yau n-fold, we define the holomorphic volume form Q. and its 
complex conjugate Q,. The following relation holds 

where dots stand for the terms required by antisymmetrization in q;i....q;„ 
and ai...an- In particular, for a Calabi-Yau 3-fold we have 

^ ^0102039 ^ ^011012013 9oi20i29oi3CX3 9ci2Ci39oi3a2 " 

(A.3) 

We also have the Kahler form u, and the following contraction between 
and ui: 



A.3 G2-manifolds 

On a G2 manifold we have couple of forms: a 3-form 11 and its dual *n = ^. 
The following formulas are collected from [19]. 



A.3.1 Contracting 11 with itself 



^ijk^abc9^'^ 



42 
^9ia 

9ia9jb 9ib9jci ^ijab 



(A.5) 
(A.6) 
(A.7) 
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A.3.2 Contracting n and ^ 



nijk^abcd9"'g'''g'"' = (A.8) 

nijk'^ai,cdg'''g'"' = -4n,„6 (A.9) 

^ijk^ abcdg'"^ — giaJ^jbc + gib^ajc + giJ^abj (A. 10) 
gaj^ibc gbj^aic gcj^abi 

A. 3. 3 Contracting ^ with itself 

*ii«*a6cd^V^?''^?'' = 168 (A.ll) 

'^ijki'^abcdg"'g''g''' = 24g,, (A.12) 

%fc/^abcd/V = 4^giagjb-4:gibgja-2^ijab (A.13) 



'^ijkl'^abcdg = —^ajk^ibc — ^iak^jbc — ^ijJ^kbc (A. 14) 

+ giagjbgkc + gibgjcgka + gicgjagkb 
— giagjcgkb — gagjagkc — gicgjbgka 

gia^ jkbc g ja^ kibe gka^ ijbc 
+ gab^ijkc — gac^ijkb 

A. 3. 4 Local representations of 11 and ^ 

In a local orthonormal and flat basis, where the metric is ^ dx'^ ® dx\ the 
forms n and ^ can be written [23] as 

n =dx^dx^dx^ + dx^dx^dx^ + dx^dx'^dx'^ - dx^dx^dx'^+ (A. 15) 

dx'^dx^dx^ — dx^dx'^dx^ + dx^dx^dx"^ , 
* =dx'^dx^dx^dx'^ - dx^dx'^dx^dx'^ + dx^dx^dx^dx'^ - (A. 16) 

dx^dx'^dx^dx^ + dx"^ dx^ dx^ dx^ + 

dx^dx'^dx^dx^ + dx^dx'^dx^dx'^ , 

where the product is understood as the wedge product. 
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A. 4 S'pm(7)-manifolds 

On a 5*^^72(7) -manifold we have a self dual 4- form G. These formulas are 
collected from [20]. 

'd^kiQai.cdg'''g'''d"'d'' = 336 (A.17) 

e>ijkieabcd9''9'''9''' = 42^.a (A.18) 

QijklQabcdg''^g^'^ = GgiaQjb - 6gib9ja - "^Qijab (A.19) 
^ijkl^abcdg'''^ = giaQjbQkc + QibQicQka + QicQjaQkb (A. 20) 

— giaQjcQkb — QibOjaQkc — gicQjbgka 
9iaOjkbc Qja^kibc Qka^ijbc 

— gib'djkca — Ojb'dkica ~ S'fcft© 
Qic^jkab Qjc^kiab Qkc^ijab 

B A-bracket calculus 

In this appendix we collect some properties of A-bracket calculus. For further 
explanations and details, the reader may consult [17]. 

• Basic relations: 

D'^^d [D,d]^0 [D,X]^0 [9,A] = (B.l) 

X'^-X [Ax]=2A [9,x]=0 (B.2) 

• Sesquilinearity: 

[aAb]=x[aAb] [aADb] = -{-ir{D + x)[aAb] (B.3) 
[daAb] = -X[aAb] [a a 96] - (9 + A) [a a 6] (B.4) 

• Skew-symmetry: 

[aA&] = (-ir'[6-A-va] (B.5) 

The bracket on the right hand side is computed as follows: first compute 
[ftpo], where F — (7,77), then replace F by (—A — d, — x — D). 

• Jacobi identity: 

[«A[&rc]] = -(-l)'^[[aA6]r+Ac] + (-l)('^+i)(''+^)[6r[aAc]] (B.6) 
where the first bracket on the right hand side is computed as in (B.5). 
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• Quasi-commutativity: 

a6- (-l)"''6a= / [aAb]dA (B.7) 
J-v 

where the integral / dA is J dX. 

• Quasi-associativity: 

{ab)c - a{bc) = ^ a(_j_2|i)&0|i)C + (-1)"'' ^ 6(_j_2|i)ao|i)C (B.8) 

j>Q j>0 

• Quasi- Leibniz (non-commutative Wick formula): 

.A 

[aAbc]^[aAb]c+{-l)^''+^H[aAc]+ [[aAb]rc]dr (B.9) 

Jo 

C Proof that (5.16) solves (5.7) 

In this section, we will show that 

n— 1 — (n mod 2) 



5+1 

g=l,</ odd 



where 

-5.,, = E E . . . E ^1 ■ ■ ■ ^-2^;. (C.2) 

fc3=0fcs-2=0 fel=0 

and 

= r^.y^'^9<^'^ ■ ■ ■ rS,^<7^^+^'=^90'^i^-:5 , (c.3) 

is a solution to the recursive relation 

^(0) = 1 , (C.4) 

Ei^'' ^ + n]d<P'{eU,)Ell-:i^) . (C.5) 

We proof this for n even, for notational convenience. The proof for n odd is 
the same. We will always think of the free upper indices as anti-symmetrized, 
and we set h = 1. We will extensivly use the relations 

[e\e^]^ = g^^ , (C.6) 

[e^A^r]x = %^^^^:^f > (C.7) 
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where [ a ]x denotes the x-part of the bracket, and h is an arbitrary function 
of and 90 . 

Proof. We will use induction. That it is true for n = 2 follows without 
difficulty. Prom the recursion relation we find 

^nh ^ phn ^ Tl\d(P''g^^' , (C.9) 

and one easily convince oneself that we find the same result from (C.l). 
Let us now assume that it is true for n = p — 2, i.e. 

p-3 

q=l 

q odd 

Using the recursion relation we find 

+ r^std<P' {eJoiD {e^'E^:^^^ + ri]d<p\e\,^,^Eit,'n) } • (Cll) 
Using the induction assumption (C.IO), the first term gives us 

e^^e^^E^^ = i^-^^ + 2 S,.,.,,,G^j^,y (C.12) 

9 = 1 

q odd 

Since we anti-symmetrize the indices, we are allowed to move around the e's 
freely. 

Next, we need to find (e|Q|j^^£'piL2"'''). Using the above relations we find 
that 

[ A F^,^^ = (p - 2)^^^3^.W. ^ (C.13) 

[e' A GS:^3) ]x = (p - ? - 3)^'^^G5:^4) , (C.14) 

where we have used that q is odd when moving the indices in the last line. 
These two relations give us 



9=1 

q odd 



(C.15) 
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Prom this we deduce 



p-3 



q odd 



3p 



-4) 



We find the second term to be 



p-3 



9=1 

q odd 

For the third term we need 



ji-jp 

{p-q-3} 



(C.16) 



(C.17) 



p-3 



9=1 

q odd 



(C.18) 



p-3 



-3) 



q=l 

q odd 



Prom this we find the third term to be 



3\--3p 
2 



P-3 



•ji-jp 

{p-q-3) 



(C.19) 



9=1 

q odd 



In the same way as for the other terms we find the fourth term to be 



P-3 



+ E (p - ? - 3)(p - q - 4) V2-,,.G'j:j!.,) . (C.20) 



q odd 
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We now need to sum up (C.12), (C.17), (C.19) and (C.20), and we indeed get 



p-i 



3p 

9-1) ■ 



(C.21) 



9=1 

q odd 



We see that the term Fp'"^^ is present in (C.12). 

Next, we find the coefficients of G^pl^^]^) for g = 1, 3, . . . , p — 1. We treat 
q = 1 and g = 3 separately. Inspection of (C.12), (C.17), (C.19) and (C.20) 
gives us: 



p-2- 



V3,i + (p-2) + (p-l) = Vm 



G 



p—4- 



V5,3 + {p- 4) V3,i + ip- 3) Vs.i + (p - 2)(p - 3) = 
= Sp_5^s + {p- 4)S'p_3,i + (p - 3)5'p_2,i = 

The terms that we have not analyzed so far are 



p-3 p-3 



9=5 

q odd 



q=3 

q odd 

P-3 



q=l 

q odd 



9=3 

q odd 



P-3 

+ ^ (p - g - 2) V2-.,,G{;:j^ 



-3) 



+ J] (p - g - 3)(p - g - 4) V2-.,.GJ:J^_ 



5) 



p—3 p—1 



q=B 

, q odd 



9=6 

q odd 



p-1 p-l 

+ <j 5^ (p - g) V.,.-2 + E - ^ + - ?)'^P+2-,,,-4 \ GJ:^!.,) 



9=5 

, q odd 



9=5 

q odd 
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where we in the second hne have changed the summation indices and pulled 
out the common factor G^^^l'Liy Ignoring this factor, we find the coefficient 
to be 

p—3 p—1 

q odd q odd 

p—1 p— 1 

+ ^iP- Q)Sp-q,q-2 +^ ip-q + '^)ip- q)Sp+2-q,q-4 

q=5 q=5 

q odd q odd 

p—3 p—1 p—1 

= Yl V2-g,g +Yip-Q- '^)Sp-q,q-2 + ^ (P ' Sp+l-q,q-2 

g = 5 q—~i q — S 

q odd q odd q odd 

p—3 p—3 p—3 

= ^ Sp-2-q,q + XI (P - g - l)-5p_q,g_2 + ^ {P - q)Sp+l-q,q-2 + S2,p-3 

q=6 q=5 q=5 

q odd q odd q odd 

p-3 

^ X + 'S'l,p-1 

9=5 

q odd 

p-1 

9=5 

q odd 

and we are done. □ 



D Calculation of the Odake algebra 

First, we focus on the plus-sector and define the generators X+, and J+. 
We then compute the Odake algebra. After this, we show that the plus- and 
minus-sectors commute. The calculation of the minus-sector can be done in 
an analogous way, and we will therefore not give the explicit calculation. In 
this section we will suppress the factors of h. 

We choose coordinates where the holomorphic volume form is constant, 
which in particular implies F^^ = F^^ = g^^Qij^k = on the Kahler manifold. 
On Calabi-Yau manifold we can always choose such coordinates locally. 
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D.l Setup 

Let us define 



(D.l) 



These fields satisfy: 



(D.2) 



On an Hermitian manifold, with the Hermitian connection, the brackets 
simplify: 

[elAei] = 0, 
[e^Ae^] = 0, 

[ e% A ei ] = ±X9^' + ^ {gfe^ - gfe^^) , (^.3) 

D.2 Defining the generators X, T and J. 

We construct the generators X± and X± from the invariant volume forms: 

X+ = l^^^^e^eje; , X_ = Zl^^^^g^e^el , (D.4) 

= ln^^,e^eJeX , ^- = ^^^^^,e^e!el . (D.5) 

Note that these are well-defined since we have associativity in the above 
expressions. This is consistent with the vanishing of the connection part in 
(5.14). 
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Prom the Kahler form, cu — gl, we construct the currents J±: 

J± = ±^Ke'±)ei + ^u;,,Tlig^'dcl>' . (D.6) 

In the coordinates where the volume form is constant the connection-part 
of (D.6) vanishes. From section 6.2 we know that J± generates an = 2 
superconformal algebra with central charge c = 9, i.e. 

[J±aJ±] = -T±-3xA, (D.7) 

where T± generates an N — 1 superconformal algebra. 

D.3 Calculation of the plus-sector 

Prom now on we are going to focus on the plus-sector. In the rest of this 
subsection we only write out ± subscripts where necessary. 

We now want to utilize (D.7) to find an expression for T+. Going to 
complex coordinates, we can rewrite J_|_ as 

J+ = -t{g^-0el)ei . (D.8) 
Let us define a shorthand notation: 

= Qapel , (D-9) 



so we have 
Prom the bracket 

we calculate 



Agel = iJ+ . (D.IO) 



[A^Ae%]^xSl-^r%el (D.ll) 



: A-^ A A^el ] = -xA^- ^ri^A^e^ (D.12) 



[ ej A A^el ] = +x ej + (D.13) 



Prom this we get 



[ A^el A Apei ] = + (xA^ + DA^ - ±T%A^e^)ei 



1 



-A-^{-X el-Del-r-^i,e'_e%) 
+ 3xA 

--DA-/^ + A-^Del - ^/2(^|-A«e^)e^ + 3xA 
--2DA-/^ + x/2(5„^,^e^e^)ej - D{A-/^) + 3xA . 
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(D.14) 



Let us again introduce some convenient notation: 



1 

72' 



B-0 = -^g„-^,,e^el + DAp . (D.15) 



[J^^J+] = -2B-pel + iDJ -^X>^ . (D.16) 



So, we have 

Comparing with (D.7) we get that 

B-pel=\{T+ + iDJ+) . (D.17) 

D.3.1 [XaX] 

We start with the most involved bracket, namely [XaX]. We try to present 
the calculation step by step. 

D.3.2 [X^^l^-p^el] 

First, we want to calculate the bracket between e" and X. We start with 
[ A e+ e^' ] . The field anti-commute with [ a 6+ ] : 

e^[e^AeJ] = -[e^AeJ]e^ (D.18) 

Also, the integral term in the Quasi-Leibniz formula (B.8) is zero. So, we 
have 

[e^Aete5]=2[e^Aet]e5 , (D.19) 

and, in general, 

[ e% A ef^ ...ef]^ p[ e% a ef ^ ■ ■ ■ e'f . (D.20) 

So 

[e^ aX] = -x^o.ii,g-^ele\ + -1].^ /^''- -U %e\ . (D.21) 

No integral terms or ordering problems occurred so far. 
Prom (D.21) we find that 

{^-^-^-^e% = [xf^^ + ^ fe^e; - gf^_)^ e%e\ . (D.22) 
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Next, we rewrite the QQ-terms using 

^al3i9""^aPj = 913^911 " 9m9^0 ■ (D.23) 

The term 

{^api9T^m)^\e.le\ = d^igp^g^^ - g^^g^0)e\e^_^e\ (D.24) 
is zero because of the symmetries of the Kahler metric. We find 

[ ^m^l kX]= X9f)mi eJeX - -^e''_dp{g ^-^g^^) eje^ , (D.25) 



so 



[X A ^aM^X ] = (X + D)gp-pg^^ e%e\ + ^e''_d^{g0g^^) e%e\ . (D.26) 

Using the shorthand notation (D.9) and (D.15), this can be written as 

[ X A ^^-^-^e% ] = xA-^A^ + B^A-,^ , (D.27) 
where the anti-symmetrization is without any factor and we used that 

[S^A^^]xA-=0. (D.28) 
The notation [ a ]xA» stands for the xA^-part of the bracket [ a ], n > 0. 

D.3.3 [XA^aM^%ei] 
We now want to calculate 

[ X A n^^^e%ei ] = [ X A n^^,e% ] e J - e J [ X a n^^^e% ] 



+ [ [[Xj,n^^,el]rei]dr 
Jo 



^2[X j,n^s,el]ei 



+ r[[XAn^^,el]rei]dr . 
Jo 



-2[X j,n^^,el]ei 



f-A-A 

+ 



/ [[X^n^p^eljreijdr , 
Jo 
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where we have used that [ r [ a ^Q0^e% ] ] has no 777^-terms, with n > 0. 
Using (D.27), and the brackets 

[A^^AcJl^A- =5| , [B^AeJ]^A. =0 (D.30) 
the integral term is calculated to 

^(A - d){-2A^) + (A - d){-2B^) , (D.31) 

and we get 

a J 1 _o..^ A- A \J 1=1. ^ A ,\J 



+ 

+ 2dB^ - 2\B^ (D.32) 
+ 2xdA^ - 2xXA^ . 

D.3.4 Calculation of [ X a X ] 

We are now ready to compute [XaX]. We choose to do the calculation as 
follows: 

[XaX] = ^([XAl^^^,eteJ]eX + (eJeX)[XAne.^,e:] 



+ / [[X^n^-p,elel]r^+\dV). (D.33) 

^0 



The two first terms are given by (D.27) and (D.32). The brackets relevant 
for the integral term are 

[ (A^A^)e^ A ] = -2x^^eJ + 6xA + . . . , (D.34) 

[ {B^A,^)el A eX ] = -2xS^eJ + . . . , (D.35) 

[9A^AeX] = -3xA + ... , (D.36) 

[AAeX] = +3x + ... . (D.37) 

The integral term in (D.33) therefore is 

j\[X ^n^p^elel ] r eX ]dr = + x(-4AVJ + 12y) 

+ i-AXB-pei) 

+ x(-6y) 
- XA(+6A) 
= -4A5^eJ-4xAyl^eJ-3xA^ 
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Using this, (D.27) and (D.32), we can write (D.33) as 

[^A^] = \x{{A-^A^)ei)el + ^((%^^])ej)e^ 
+ ^-{dB^)e%-^-\B^el 

+ \x{dA^)el - \x>^A^e% (D.39) 

+ ^-x{eleX){A-^A^) + \{ele%){B^^A^{) 

- \\B-pei - \x^A-^el - ^xA' ■ 
We now go through the different terms occurring in this expression. 

D.3.5 [XaX]i 

The constant part of [ X a ] is 

+ ^ {{B^A-^)e% - {B-pA^)e%) (D.40) 

where we have used (D.30). Using again (D.30), the first hne of (D.40) can 
be written as 

3 

We can use quasi-associativity and move the parenthesis in the second hne of 
(D.40). Once this is done, we can use anti-symmetry in a and ^, and we get: 



{ele%) {A^B^) = {B^A^) (e^ej) + p (ej5^-) . (D.41) 



- ^ {{B^A^ - B^A^)e%) el = (B^A^) (e^ej) - ^a(e?)i?^ . (D.42) 

With these rewritings, and noticing that 9(S^)e^ = e+9(S^), eq. (D.40) is 

[XaX]i^-{B^A^) (elei) 

9 / - \ 9 - 1 - (D.43) 

+ '-d (ejB^) - '-d{e^)B^ + Uid{B^) . 

We now want to change {BpAa){e"el) to {B^el){Aae"). Going through the 
various steps needed to change the order of the fields, we find that 

{BpA^){elei) = {B^ei){A^el) + eld{B^) . (D.44) 
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So, finally, 

[XaX]i = - (B^ej) (^^e^) 

+ \d (elB^ - \d{el)B-p + \eidB-^ - eldB^ 

, . (D.45) 
= - {B-,ei) 

= - l^{T + iDJ)iJ , 

where we have used (D.IO) and (D.17) to write the result in terms of the 
generators. 

D.3.6 [XaX]^ 

We read of the x-terms from (D.39): 

[X^Xl = l((A0A^)ei)e% + ^(M^)e^ + ^(eJe^)(A^A^) . (D.46) 

We need to do similar rearranging of these terms as we did for the constant 
part. We calculate 

(eie^iAsA^ = -(A^A^)(e^eJ) + AdiA^el) , (D.47) 
{{A^A^)ei)e% = -{ApA^){e%ei) - 2A^de% , (D.48) 
{A^A^){elei) = {Apei){A^el) + SdA^el + A^de% . (D.49) 

We then get 

[XkX]^ = -\{A-^ei){A^el) - \d{A^el) = +^JJ - \idJ . (D.50) 
D.3.7 [XaX]a 

[XAX]^ = -B^el = -]^{T + iDJ) . (D.51) 

D.3.8 [Xf,X]^x 

[Xt,X]^^ = -A^e% = -iJ . (D.52) 

D.3.9 [XaX]a2 

For dimensional reasons, we do not want any contributions to this term. And, 
indeed, [XaX]a2 = 0. 
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D.3.10 [Xa^]xA2 

This term, we can simply read from (D.39): 



1 



(D.53) 
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D.3.11 Collecting terms 



Collecting together the different terms we end up with 




+ AT + iXDJ + 2ixXJ + xA^) (D.54) 



D.3.12 [XaX] and [X ^X] 

It follows immediatly from the basic brackets that [ X a ^ ] =0 since there 
are only holomorphic fields, e^, present. In the same way, [Xa^] =0. 

D.3.13 [JaX] 

As before, we work in coordinates where the volume form is constant. We 



The integral term (not written out) is a derivative on the volume form and 
therefore zero. Since the above bracket only has terms with , we do not have 
to worry about integral terms when computing the full bracket (remember 



that [e^A4] = [e+Ae^l] = 0). We get 
[JAX]^-t{3x + D) X + ^r^,n,^^e^^e^eje; = -z (3x + D) X. (D.56) 



In the last step we have used that the term with the connection can be 
rewritten as a covariant derivative on ^a^-y, which is zero. 



compute 




(D.55) 




44 



D.3.14 [JaX] 

The computation is similar as for [J j^X], and, up to a sign, the answer is 
the same: 

[JAX]^+i{3x + D)X (D.57) 

D.3.15 [TaX] 

We now want to calculate [TaX]. In a direct approach, this bracket is harder 
then the previous ones to calculate. This is mainly because T contains terms 
that are not linear in e". Also, terms with makes the calculations more 
cumbersome. We therefore need to take a small detour to do the calculation, 
using the Jacobi identity. We know that 

[JaJ]^-T-3xX. (D.58) 
We then have, using (D.56): 

[XAT] = -[XA[JTJ]] = -[[XAJ]T+AJ]-[Jr[XAJ]] 

= -i[{3x + 2D)Xr+AJ] - ^[ Jr (3x + 2D)X] 

= -t{-3x + 2{x + v))[Xr+AJ]- ^(-3x - 2{D + 7j))[J r X] 

= (3A + xD + 2d)X . 

(D.59) 

Since the bracket between X and J enters twice in the above calculation the 
different sign of [XaJ] and [XaJ] does not matter, and we have 

[X AT\^{3\ + xD + 2d)X . (D.60) 

To summarize, J_|_,T+) generates the Odake algebra. 



D.4 Commuting sectors 

In [13] it is shown that (J_|_,T+) and (J_,T_) is two commuting copies of an 
N = 2 superconformal algebra. Above, the algebra of J_|_, T+) is com- 

puted. We now show that these generators commute with (X_, X_, J_, T_). 

The bracket between X+ and X_ is zero since only holomorphic fields 
enter. Also [ X+ a X_ ] = 0. For X+ with X_ we compute 

[n^p,eX A^^-p,e^et^_] = -l^[l^^^gfn^-^.eiet^_ (D.61) 
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so 

= iOfs^g^^ - 9^-i9^p),5e%ele\etel (D.62) 
= 0, 

due to the symmetries of the Kahler metric. In the same way [ X_ a X^ ] = 
The bracket between X+ and J_ are zero because 

[J_Ae^]ocr^,e^te:: , (D.63) 

so 

[ J_ A X+ ] (X n^p.T'^^^e'^eLeiel = (D.64) 

since is covariantly constant. The same argument goes for [J_a-^+], 
[J+A^-], and [J+A-^-] • Using this, and (D.7) together with Jacobi 
identity, it follows that [X+aT_] = [X+aT_] = [X_aT+] = [X_aT+] = 
0. _ 

Thus, X+, J+, r+) commutes with J_, r_). 

D.5 Comments about the computation of the minus- 
sector 

As mentioned above, the calculation of the minus-sector is completely analagous 

to the computation of the plus-sector. However, due to the slight asymmetry 
between the two sectors in the defining brackets, (D.3), and the definition of 
the generators, (D.4), there will be some slight sign differences in the various 
steps. In the end, everything comes together to give us the same algebra 
in the minus-sector as well. Thus, J_, T_) also gives us the Odake 

algebra. 
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